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LOW-FREQUENCY SPECTRUM OF LOCK-IN AMPLIFIERS
C. A. Stutt
ABSTRACT
The low-frequency output spectrum of the lock-in amplifier, a type
of zero-frequency heterodyning device, is determined. The effect of zero-
frequency heterodyning on signal-to-noise ratio is investigated, and it
is shown that there are optimum conditions of carrier phasing for which
a 3-db improvement is attainable in the low-frequency spectrum. This im-
provement is also possible when the carrier being detected is amplitude-
modulated - a fact which suggests an advantage in using a lock-in amplifier
as a second detector in a receiver. Systems which might utilize this
advantage are described.
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LOW-FREQUENCY SPECTRUM OF LOCK-IN AMPLIFIERS
Introduction
A lock-in amplifier is a zero-frequency heterodyning device which
affords high sensitivities in the measurement of weak carrier signals in
the presence of narrow-band noise. In Figure 1, a lock-in amplifier, illus-
trated as a pentode converter, is shown as it might be used in a measure-
ment setup.
It is desired to measure the highly-attenuated carrier vo(t) which is
recovered from the device being studied when a strong carrier v2(t) is
applied at its input. The carrier v(t) is amplified in a tuned amplifier
Fig. 1 Measurement apparatus employing lock-in amplifier.
to obtain a voltage vl(t). In general, vl(t) will not be a puri carrier,
but will contain superposed narrow-band noise caused by thermal- and shot-
noise sources within the amplifier. Both vl(t) and the original carrier
v2(t) are then mixed in the lock-in amplifier, and new frequency components
are thereby introduced into the incremental plate current i(t). Among these
components will be found a zero-frequency or direct-current term arising
from the product carrier-times-carrier and low-frequency noise arising from
the product carrier-times-noise. By proper design, the d-c increment
can be made proportional to the amplitude of the carrier v which it is
desired to measure. In determining the magnitude of this d-c increment,
much of the low-frequency noise, as well as the high-frequency components,
may be eliminated by an appropriate low-pass filter. The reason for the
high sensitivity of the lock-in amplifier lies in this ability to remove
most of the noise energy from the desired signal.
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This report concerns the output-power spectrum, especially at low
frequencies, which characterizes the lock-in amplifier and devices wherein
simple products of signal and noise are taken.
Spectrum Analysis of Lock-In Amplifier
Consider the simplified converter of Figure 2. In terms of the nota-
tion of Figure 1, v2(t) is a strong carrier
v2(t) = b cos ot ; (1)
and vl(t) contains a carrier component plus narrow-band noise
vl(t) = a cos (oot - eo) + nl(t) * (2)
The power spectrum 1( - 0o) of nl(t) may be of the form indicated in
Figure 3, in which the noise is confined substantially to a band e -
to 2o + 2. Using an expression similar to that employed by Rice (1),
nl(t) may be expressed as
N2
nl(t) = Cn C0os [(co - On) t - n] (3)o1 n0 n n
-N1
In Eq. (3) Cn is a random variable having a normal distribution, and is re-
lated to the power spectrum by
c2 = 2 1l ( n ) to
C 2 = -2U
2eN1 = e
N2 = e 2
and n is a random phase angle.
It is assumed that the rms value of v2 is much greater than that of
vl, in which case the incremental plate current may be written as
i(t) = g(t) vl(t) , (5)
where the transconductance g becomes a function of time through its depen-
dence on v2. The transconductance g may be expressed as a power series
expansion in v2:
g(t) = b + blV2(t) + b (t) +2(t)  (6)
Inserting the value of v2 from Eq. (1), a Fourier-series representation for
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V2 (t , I i (t) = g(t)v, (t)
l' (
-o l -0 .0 -2
Fig. 2 Simplified converter circuit. Fig. 3 Power spectrum of nl(t).
g is obtained (2):
g(t) = ko + klCos Cot + k2cos 2o0t + ... (7)
Putting Eqs. (2),(3) and (7) into (5) yields a series of products of
cosines. Each of these products may be expanded as cosines of sums and
differences, from which the complete spectrum of i(t) can be deduced. It
is readily seen that a term kncosnwot in g introduces a spectral distri-
bution around the frequencies n +±- Wo and, since i varies linearly with
vl, there is no distortion of the power distribution in the noise band, but
merely a translation to new center frequencies. In the light of these
remarks, the power spectrum of i might appear as shown in Figure 4, where
()
WI
Fig. 4 Power spectrum of i(t).
it is assumed that l and cu2 are less than (wo2, so that no overlapping of
the spectral bands occurs. The S-N (signal-to-noise) ratio of V1, where
the "signal" in this instance is actually the carrier, is preserved in each
of the distributions around the n, n O0. It will be shown later that
the S-N ratio around X = 0 is, in general, different from the input value.
Only the second term in Eq. (7) contributes to the low-frequency
spectrum. Because the form of this term is the same as v2, it will be pos-
sible to make calculations for the low-frequency spectrum on the basis of
a simple product of v and v2. Anticipating a later example in which v2
as well as v contains noise, we introduce the slightly more-general
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definitions
vl(t) = sl(t) + nl(t) , (8)
and
v2(t) = s2 (t) + n2(t) (9)
where s(t) signifies signal and n(t) noise. We wish to obtain the low-
frequency power spectrum of
i(t) = vl(t) v2(t) (10)
= sl(t) s2 (t) + s2 (t) nl(t) + sl(t) n 2(t) + nl(t) n2(t) 
Where the spectrum cannot be more readily deduced, it will be determined
from the auto-correlation function of i(t), which is defined by the time
average
~ii(T) = i(t) i(t + T) (11)
In this case ii(T) will contain the four auto-correlations of the four
products in Eq. (10) plus the twelve cross-correlations arising from all
possible cross-products. Correlation functions and spectrum functions are
related by the Fourier-integral transformations:
@(r) = f6(X) cos r d , (12)
m(w) = 2 P(T) cos dT . (13)
Equation (13) provides the means for obtaining the spectrum.
For the lock-in amplifier (n2 = 0) we have
VlV2 =S lS 2 + 2nl , (14)
where s1, s2, and n are given by Eqs. (1),(2) and (3), and
sl 2 = ab cos (ot - =) os ot ab cos e0 + cos (2ot - ;
N2
s2n1 = b cos ot C n cos [( + )t - en]
-N1
N2 N2
) :n 0os (nt - en) + Cn cos [(2w + )t - n ]
-N1 -N1
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Dropping those terms which contribute to the spectrum around 2o, we have
sS2 =2 cos eo0 ,
-N1 0
+ 1C n cos (nt - en) .
0
The spectrum for Sls2 + s2nl may be written down by inspection, a step which
is facilitated by the fact that these two terms add on the power basis, in-
asmuch as there is no cross-correlation between them (i.e., they are inco-
herent). For sls2 = (ab/2)cose o0, the power spectrum is simply a line at
X = 0 of height (ab/2)2cos2 e . The s2n1 is low-frequency noise; and com-
paring with Eq. (3) it is seen that the spectral distribution has not been
distorted by multiplication, but only shifted from = 0o to = 0 and mul-
tiplied by the factor (b/2)2 (see (a) and (b) of Figure 5). The first form
of s2n1 N2
2b, Cn cos ( t - en)
-N1
indicates a distribution over negative frequencies, as shown in Figure 5(b);
,. ,~ ,,"T~f \
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Fig. 5 (a) Input spectrum; (b) Low-frequency spectrum with noise simply trans-
lated; (c) Low-frequency spectrum with noise translated and reflected.
however, the second form shows that, effectively, all frequencies are posi-
tive and that the portion of the spectrum extending over negative frequen-
cies actually is reflected over to positive frequencies, as shown in
Figure 5(c). It should be remarked also that the cross correlation between
the two Fourier series in the second form of s2n1 is zero, since if compon-
ents of equal frequency are taken in the two series, their respective ampli-
tudes and phases are entirely independent of each other; consequently the
spectra associated with the two terms may be superposed.
Figure 5 shows also the line spectrum associated with the desired
signal - the weak carrier a cos ( 0ot - eo0) in (a), and the d-c term
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(a)
-d
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(ab/2)coseo in (b) and (c). If the integrated noise spectrum yields a mean-t
square value
d2 = (w0 _ ) da
o 
2
then the input S-N ratio is 2
ri a 2 (16)
and, as was stated earlier, the same S-N ratio is obtained for each of the
spectral bands around the frequencies no , n 0, in the mixer output. This
is the case for ordinary frequency conversion if the mixer itself introduces
negligible noise.
In the low-frequency spectrum, the signal power is (ab/2)2cos 2 e0 , where-
as the noise power is (b/2)2 d2 ; hence the S-N ratio is
a 2 2 2 2
) cos e a cose
1-f 2 
(a) d
Upon comparing ri and rlf, we note the interesting effect of the relative
phase e0 of the carriers, for it is seen that if the carriers are in phase
or 1800 out of phase, the value of r is improved by a factor of 2 or 3 db,
whereas if they are 90° out of phase there is complete deterioration of rl f
.
Further improvement in rl f may be achieved by filtering the noise as
shown in Figure 1, a procedure which is customarily used. This improvement
is limited only by practical difficulties in constructing low-pass filters
with extremely low cutoff frequencies.
Zero-Frequency Heterodyning of Amplitude-Modulated Carrier
We now proceed to ascertain whether or not the potential improvement
in r is possible if the carrier component of v1 is amplitude-modulated, the
desired signal now being the modulation rather than the carrier. For sinu-
soidal modulation we have
vl(t) = a(l + m cos pt) cos (ot - e0 ) + nl(t) = a cos (cuot -o0)
{cos [(o - p) t - e0 ] + cos [(W + p) t - ]}
N2
N2 (18)
+ZC n cos [ (O + ) t -n e 8)
-N1
where m is the modulation index and p is the angular frequency of the modu-
lation. Multiplying by v2(t) = b cos wot, and dropping those terms which
do not contribute to the low frequency spectrum, gives:
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N2
V1V2 = ab co 00 + abm cos 0 co t b Cn cos (nt (19)
-N1
Using reasoning identical with that on page 5, the input spectrum and low-
frequency output spectrum may be obtained by inspection of Eq. (19); the
results are shown in Figure 6.
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Fig. 6(a) Input-power spectrum. Fig. 6(b) Output-power spectrum.
In this case the input S-N ratio is
2 2
- (a) + am2(+ -) a2m2
fi =2 (20)d2 4 
The output signal power is now
1 (abm) C 2
cos 
while the output noise power is again (b/2)2d2; hence the output S-N ratio
is
abm) cos 0 amcos (21)
rl-f = 2 2 2
(b) 2a
Again it is observed that there are optimum conditions of phasing for which
a 3-db improvement in S-N ratio is obtained. This improvement is not
peculiar to sinusoidal modulation, but is valid also when the modulation
is random, e.g., speech or music. In the zero-frequency heterodyning of an
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amplitude-modulated carrier, where the modulation is either periodic or
random, symmetrically located sidebands add in phase, hence on the amplitude
basis, in the low-frequency spectrum. On the other hand, if the carrier
has superposed noise, frequency components of the noise symmetrically loca-
ted with respect to the carrier have random phase with respect to each other
and consequently add on the power basis in the low-frequency spectrum. With
optimum carrier phase, it is the difference between addition on the ampli-
tude basis and on the power basis which accounts for the 3-db improvement
in S-N ratio.
The ideas expressed in the previous paragraph appear to have applica-
tion in urther improvement in the ability to extract small carriers, in
the presence of noise, by means of zero-frequency heterodyning devices. If
the d-c potentials of the converter tube (Figure 2) are appropriately ad-
justed, plate current will flow only at the peaks of the strong carrier
v2, as shown in Figure 7(a). The transconductance of the tube for this case
is still given by Eq. (7).
i(t) i(t)
(a)
Iv a cos (!ot-o e
I t-
I a 
V, = a os ()ot-e 0 )
- ~ _ I I 
· * ' , I * I I I
Fig. 7 (a) Converter plate current with current flowing on peaks of v2; (b) Converter
plate current when gated by pulse generator synchronized with vl.
The same effect is achieved if the converter is gated, using a pulse
generator having a repetition frequency equal to the carrier frequency, as
shown in Figure 7(b). Now if these pulses are made to occur at the peaks
of the weak carrier, a cos (ot-eo), the pulses of plate current will be
proportional to a. If provision is made to store, say, N of these pulses,
the detected signal power will be proportional to (Na)2. If noise having
a mean-square value of d2 is present, the plate current pulses will fluc-
tuate in amplitude. In storing N of-these pulses, however, the contribu-
tions of the weak carrier in the N pulses add on the amplitude basis, where-
as the contributions of the noise will tend to add on the power basis if
the time of storage is long compared to the period of most of the noise
components. Then for large N, the signal power is still proportional to
(Na)2, while the noise power will be roughly proportional to N. The im-
provement in such a system would then vary directly (approximately) with
N. A similar improvement will not obtain for detection of amplitude-
-8-
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modulated carriers.
Lock-In Amplifier Used as Second Detector
Because of the possibility of a 3-db S-N improvement, the lock-in
amplifier might be used to advantage as a second detector in a receiver.
It would be required, in such an application, to provide a strong unmodula-
ted i-f wave which has fixed phase with respect to the modulated i-f wave
which is to be detected. Two possible schemes for doing this are shown in
Figure 8. An auxiliary high-gain narrow-band i-f amplifier is used in con-
junction with the conventional i-f amplifier; its passband should be made
Low -
Frequency
Output
(a)
Fig. 8(a) Lock-in amplifier as second detector;
v2(t) obtained from auxiliary i-f amplifier.
Low-
Frequency
Output
Fig. 8(b) Lock-in amplifier as second detector;
v2(t) obtained from synchronized oscillator.
narrow enough to eliminate modulation sidebands. The output of this ampli-
fier may be used as the "strong carrier", as shown in Figure 8(a), or it
may be used to synchronize an oscillator or pulse generator as in Figure 8(b).
A phase adjustment would also be necessary to obtain optimum conditions.
A complication arises from the fact that superposed noise will be
present in v2; furthermore, this noise will be coherent with the noise con-
tent of v. The low-frequency spectrum of the arrangement in Figure 8(a)
should then be computed from the product of modulated carrier plus noise and
carrier plus noise. The performance of the system in Figure 8(b) hinges
upon the ability to synchronize an oscillator with a carrier when noise is
present. If this can be done, then the results already obtained apply to
-9-
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this case.
We now inquire into the S-N improvement possibilities of a system such
as that shown in Figure 8(a), where noise is present in both v and v2. It
is not necessary to consider v as a modulated carrier, inasmuch as it has
already been found that the percentage modulation is not affected by zero-
frequency heterodyning, and that the same S-N improvement obtains for both
carrier and sidebands.
In this same analysis, it can be quickly ascertained whether or not
anything can be gained in S-N ratio from multiplying two carriers plus
superposed incoherent noise, e.g., as in the system of Figure 9.
-Frequenc y
Output
Fig. 9 System giving product of carriers plus incoherent noise.
For Figure 8(a) and Figure 9, we have the definitions (8),(9) and (10)
(page 4):
vl(t) = sl(t) + nl(t) (8)
v2(t) = s2(t) + n2(t) (9)
i(t) = VV 2 = 1S 2 + sn + sln2 + nln2 . (10)
In this analysis, the noise spectra will be idealized to a rectangular
form. This assumption will simplify the problem considerably without ob-
scuring the trend of the S-N ratio. Figure 10 shows the complete spectra
of v and v2, and Eqs. (22) through (29) provide the necessary definitions.
' I) M CD ,
(a)
2
a
cj_(W-Wo) 2
W,-W, Wn Wn++O 
(
-_ I
Fig. 10 (a) Spectrum of vl; (b) Spectrum of v2 .
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N
vl(t) = a cos (ot - eo) + Cn cos [(W + n) t- en] 
-N
M
v2(t) = b cos wot + Dm cos [(o + Wm) t - m]
-M
where Cn and Dm are random amplitudes having normal distributions,
en and m are random phase angles.
22 = 2 l1 (cn) A 
2 = 2 2 (m) 
=-%n ; £= '
m -m ; 'M '= 2
1 and 2 are the power spectra of n and n2, respectively,
by
and are given
f1 (W - ) =
2 (o - 0o) =
0
A
0
0
B
0I
< o - 1
Uo - U 1 < < U 0o + Ul ,
U0 + UW1 < ;
< o - e2 '
o - 2 < U < ( 0 + 2
o + 2 <
After performing the multiplications indicated in Eq.(10) and dropping those
terms which do not contribute to the low-frequency spectrum, we have
= ab cos 2 o
N
S2n1 =2 Cn CoS
-N
M
sln2 = a D cos
-M
N M CN
nln2-N -M 
-N -M
(cnt - en)
(30)
cos [(cn - m) t - en + nm ]'
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(22)
(23)
and
(24)
(25)
(26)
(27)
(28)
(29)
sls 2
_ s _ _ _ _ _ _I__II_ _Yllslll^___lllPI_11____1_ -- ^I^·-··-iPIYI--7-4·I)---------··- __-_______.
.
r
I
((A)m - 4, + eo)
The spectrum of vlv2 can be computed from its auto-correlation function
which, according to the discussion following Eq. (11), contains the four
auto-correlation functions of the terms in Eq. (30) plus twelve cross-
correlation functions. The spectrum of vlv2 will be the sum of the contri-
butions of all these correlation functions taken separately. We first note,
however, that the only cross-correlations which may be different from zero
are those involving s2n1 and sln2; these terms will be zero if n and n2
are incoherent, as in Figure 9, and will be different from zero for n and
n2 coherent, as in Figure 8(a). All other cross-correlation terms are zero
because (a) sls2 is certainly independent of the other three terms, and
(b) nn 2 is not coherent with sln2 nor s2nl, since if components of nln2
are found with the same frequency as components of sln2 or s2nl, their
respective phases and amplitudes will be found to vary randomly with respect
to each other so that no contribution, on the average, will be made in cross-
correlation. Thus there will be, at most, five component spectra of the
v1 v2 spectrum, four obtained from sS2, s2nl, sl1n2, and n1n2 independently,
and possibly one from cross-correlation between s2n1 and sln2.
The spectra associated with slS2, s2nl, and s1n2 may be obtained by
inspection from Eq. (30), keeping in mind the definitions (22) through (29),
just as was done on page 11. These contributions are subsequently shown
in Figure 12. The contribution of nln2 will be computed from its auto-.
correlation nln 2, nn 2 (T) , where
nl1n2,nln2 (T) = nl(t) n2 (t) nl(t + ) n2 (t + v) , (31)
(the average being taken over time). From Eq. (30) we obtain
nl(t + T) n2 (t + T)
N M C
Cn nL= wL _ 2 cos [( n - Om) (t + ) - e + m ]
-N -M
(32)
=N i n m {cos ( - wm)T cos [( - m) t - n + m ]2 n m n mn
-N -M
sin (n wm)T sin [(n m) t- n + m ]}
enln2,nln2(T) may be easily computed from Eqs. (30) and (32), making use
of the orthogonality properties of the trigonometric functions, with the
-12-
_
following results:
N M C 2D 2
1 (T) = - - Cos (, U co )nnln2, nln2()  nm ( m
-N -M
N M
-. [2(% ) AD] [2,2(m) AW] cos (-n )
-N -M
W1 W2
AB 1
1 2
(33)
cos T (co - p) dp do
sin 1T sin W2T
T T
Now let us define two spectrum functions 11 and 22' according to
Eq. (34) and as depicted in Figure 11.
1 () = 
O22(C) = {
00~ ,
0 < 0 ;
< 2 '
(34)
D2 2 ()
(b
(
ol °2
W
Fig. 11 (a) Auxiliary spectrum
kl3(W) .
Fig. 11 (b) Auxiliary spectrum
It is easily verified, using Eq. (12), that the following correlation
functions are associated with l11 and 22:
sin T
p11() = A T 
Sin w2T (35)
22(T) = B T
Comparing with Eq. (33), it is seen that;
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1 Pn22, 2(T) = 2 11 (T) 9 22 (T) . (36)
Using the transformation (13), the power spectrum of nln2 is found to be
((
nln2,nln2(0) 2 ownln 2 ,nn2In~n29 n1½.) = nln 2 COS() dos 00T 
(37)
4 (TP1( ) 92 2 (T) COS dr
O
J22(P) %11(p + a)) dp + ,f 22 () 111(p' - ) dp.
Inserting the values for 11 and 22 into this expression and evaluating
for the two cases c02 < o1 (Eq. 38a) and o2 = (Eq. 38b), 'nln2,nln2 ()
is obtained as
AB (2 2 - ) 0 < < 2
n n2 ,njn2 (w ) = AB 2 a)2 < < - 2 (38a)
AB ( 1 - W) a 1 - 2 < < 1
0 <
t O 01 <0
n (nn = 2AB (1 - 0 ) 0< < 1 (38b)
in,nln2' 0 01 (< 
The spectra for these two cases are shown in Figure 12(d) and Figure 13(c),
respectively.
As was stated earlier, sln2 and s2n1 will be correlated if nl and n2
are coherent (si and s2 are coherent by definition). This case applies
especially to Figure 8(a), where n2 is simply n I modified by the frequency
and phase characteristics of the narrow-band amplifier. This amplifier
will be idealized to have uniform gain a and linear phase shift over the
band 0o- a2 to 0o + 2' where 02 < )1 (These characteristics are actually
incompatible, but the calculations should show that the contribution of
cross-correlation is not important.) The following relations are then
established between the parameters of Eqs. (22), (23), (28) and (29):
b = aa , d =aC
B = a2A, (39)
Tp =e + e + K ; K = constant.
P 
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The contribution to the spectrum due to this relationship may be
computed from the cross-correlation
P C() = s2(t) nl(t) sl(t + ) n2(t + T)
+ sl(t) n2(t) s2(t + T) nl(t + T)
From Eqs. (30) and (39), we have
N
s2(t) nl(t) = cos (t n)
-N
M
sl(t) n2(t) =--Dm cos (Uot em Km)
-M
N
s2 (t + T) nl(t + ) = oDn Cos [ n (t + ) - n ] (41)
-N
N
= ZDn [cos n ( + K) cos ( t - Kwn
sin n ( + K) sin (cont - en - K)]
M
sl(t + T) n2 (t + T) = Cos [ (t + ) - Bm Km]
--M
1t4M
=a D [cos (- - K) cos (ot - em)
-M
- sin c (T - K) sin (t - e )]
mm m
Again making use of the orthogonal properties of trigonometric functions,
we have 2 2
(T) = (2) Dm [cos % ( - K) + cos % (T + K)]
-M
where the summation must be over -M to M since 2 < ol i.e., M < N.
ca2 e 2-2 (O ) Aco
Yc(T) = (a 2 m [cos o (r - K) + os %w ( + K)] o
-M M+
(4-2)
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a2f [cos ( - K) + cos wm (T + K) dc
M-*ew -02 (42)
a 2a2A Fsin 2 (T - K) sin c2 ( + K)]
2 T-K T+K 
It can be easily verified, using Eq. (12), that the spectrum function
associated with pc(T) is
a2a2 A cos K 0 < c < ()
c() =d2 (43)f ° C2 < 0
this spectrum is shown in Figure 12(e).
We can now proceed to evaluate the S-N ratios for the systems represen-
ted in Figure 8(a) and Figure 9. Figure 12(f) shows the low-frequency
spectrum for the lock-in amplifier of Figure 8(a) as the superposition of
the contributions of the various auto- and cross-correlations discussed on
the preceding pages.
The input S-N ratio for this system is
a2 a2
rin = 2 = 2 (44)2d 1
where d2 = noise power (mean-square value of nl) = 2A. The output signal
power is again (ab/2)2cos2 o0, while the total output noise power may be com-
puted, from the continuous part of the spectrum, to be
A (b 1 + co+ 2 v+ v sin 2K ,
a 1 
where b = aa. Hence, the low-frequency output S-N ratio is
a2 cos2e, 
rf 2A * (45)
[ 0 2 0i A21,A 1 + l + 2 + sin 
Again, rl_f goes through maxima when the carriers are in phase or
1800 out of phase. Comparison of r lf and in shows that, for proper
phasing, the improvement is no longer 3 db; however, this value is approa-
ched as By 1 and co2 are made small. When used as an amplitude-modulation
detector, 2 should be made less than the lowest modulation frequency, in
which case an appropriate filter might be used to eliminate the high-density
portion of the noise spectrum below 2' thereby further increasing the S-N
ratio.
*
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Fig. 12
(a) Contribution of s1s2 to ();
(b) Contribution of s2n1 to T(c);
(c) Contribution of sln2 to '(w);
(d) Contribution of n1n2 to 1(cs);
(e) Contribution of cross-correlation
between s2n1 and sln2 to 1(o);
(f) Complete low-frequency spectrum
for Figure 8(a).
Finally, we can compute the S-N ratio when carriers plus incoherent
noise are multiplied, as in Figure 9. Here it will be assumed that the
upper and lower channel amplifiers are identical, so that
a =b
A =B
-17-
(a)
a 2
2
W
WI
(c)
(
(d
(f)
-
__ 
__ / w
--
11.1_1·---111 ---·1 - 1---111
A
P
V W2c 
_ s _ z |
.9
(The case for which 2 < co can be easily found from Eq. (45) by dropping
out the contribution of Figure 12(e).) The complete low-frequency output
spectrum may be found from Figure 13, which is constructed in a manner
similar to Figure 12.
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Fig. 13 (a) Contribution of s 1s 2 ; (b) Contribution of sln 2 and s2 nl; (c)
of nln2 ; (d) Low-frequency spectrum for Figure 9.
The input S-N ratio is unchanged from the previous case,
by Eq. (44). The output signal power is (a4/4)cos2e0 , and the
noise power is 4(a/2)2Aw + A2w12 (computed by taking the area
tinuous part of the spectrum), whence the output S-N ratio is
a
2
cos2e
4A 1 ( + -A2)
a
Contribution
and is given
output
of the con-
(46)
The dependence of r-f on carrier phase is, of course, retained in this
result, but even for optimum phasing there is a deterioration of the S-N
ratio. The amount of this deterioration is governed by the contribution
of nln2. From this standpoint, therefore, it appears that there is no
advantage in using the simple multiplier of Figure 9.
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